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A new bound for Vizing’s conjecture
Elliot Krop
Abstract. For any graph G, we define the power pi(G) as the minimum
of the largest number of neighbors in a γ-set of G, of any vertex, taken over
all γ-sets of G. We show that γ(GH) ≥ pi(G)2pi(G)−1γ(G)γ(H). This implies
that for any graphs G and H , γ(GH) ≥ γ(G)2γ(G)−1γ(G)γ(H), and if G is
claw-free or P4-free, γ(GH) ≥
2
3γ(G)γ(H), where γ(G) is the domination
number of G.
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1. Introduction
The famous conjecture of Vadim G. Vizing (1963) [11] is the simple state-
ment for any two graphs G and H ,
γ(GH) ≥ γ(G)γ(H).(1.1)
The survey [3] discusses many past results and contemporary approaches
to the problem. For more recent partial results see [9], [8], [2], [5], and [7].
The best current bound for the conjectured inequality was shown in 2010
by Suen and Tarr [9],
γ(GH) ≥
1
2
γ(G)γ(H) +
1
2
min{γ(G), γ(H)}(1.2)
In this paper we define the power of a graph π(G) and apply the Contractor-
Krop overcount technique [5] to the method of Bresˇar [2] to show that for any
graphs G and H , γ(GH) ≥ π(G)
2π(G)−1
γ(G)γ(H), which immediately implies the
bound γ(GH) ≥ γ(G)
2γ(G)−1
γ(G)γ(H). By results of [1] and [4], it follows that
if G is claw-free graph or a cograph, for any graph H , γ(GH) ≥ 2
3
γ(G)γ(H).
Our argument relies on bounding the horizontal domination of vertically
undominated cells and is a generalization of the argument in [7]. We hope
that others will find our approach valuable as our method is quite different
from the “double projection” argument of [9].
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1.1. Notation. All graphs G(V,E) are finite, simple, connected, undi-
rected graphs with vertex set V and edge set E. We may refer to the vertex
set and edge set of G as V (G) and E(G), respectively. For more on basic
graph theoretic notation and definitions we refer to Diestel [6].
For any graph G = (V,E), a subset S ⊆ V dominates G if N [S] = G. The
minimum cardinality of S ⊆ V , so that S dominates G is called the domination
number of G and is denoted γ(G). We call a dominating set that realizes the
domination number a γ-set.
The Cartesian product of two graphs G1(V1, E1) and G2(V2, E2), denoted
by G1G2, is a graph with vertex set V1 × V2 and edge set E(G1G2) =
{((u1, v1), (u2, v2)) : v1 = v2 and (u1, u2) ∈ E1, or u1 = u2 and (v1, v2) ∈ E2}.
A graph G is claw-free if G contains no induced K1,3 subgraph, and a
cograph or P4-free if it contains no induced P4 subgraph.
If D = {v1, . . . , vk} is a minimum dominating set of G, then for any i ∈ [k],
define the set of private neighbors for vi, Pi =
{
v ∈ V (G) −D : N(v) ∩ D =
{vi}
}
. For S ⊆ [k], |S| ≥ 2, we define the shared neighbors of {vi : i ∈ S},
PS =
{
v ∈ V (G)−D : N(v) ∩D = {vi : i ∈ S}
}
For i ∈ [k], let Qi = {vi}∪Pi. We call Q = {Q1, . . . , Qk} the cells of G. For
any I ⊆ [k], we write QI =
⋃
i∈I Qi and call C (∪i∈IQi) =
⋃
i∈I Qi ∪
⋃
S⊆I PS
the chamber of QI . We may write this as CI .
For a vertex h ∈ V (H), the G-fiber, Gh, is the subgraph of GH induced
by {(g, h) : g ∈ V (G)}.
For a minimum dominating set D of GH , we define Dh = D ∩ Gh.
Likewise, for any set S ⊆ [k], P hS = PS × {h}, and for i ∈ [k], Q
h
i = Qi × {h}.
By vhi we mean the vertex (vi, h). For any I ∈ [k], we write CIh to mean the
chamber of Qh
Ih
.
We may write {vi : i ∈ I
h} for {vhi : i ∈ I
h} when it is clear from context
that we are talking about vertices of GH and not vertices of G.
For i ∈ [k] and h ∈ V (H), we say that the cell Qhi is vertically dominated
if (Qi ×NH [h]) ∩D 6= ∅. A cell which is not vertically dominated is vertically
undominated. Any vertex v ∈ G×H is vertically dominated if ({v}×NH[h])∩
D 6= ∅ and vertically undominated, otherwise.
Recently, Chellali et al. [4] considered uniformly restricted types of dom-
inating sets. For any graph G and subset of vertices S, they defined S to be
a [j, k]-set if for every vertex v ∈ V − S, j ≤ |N(v) ∩ S| ≤ k. For k ≥ 1, the
[1, k]-domination number of G, written γ[1,k](G), is the minimum cardinality of
a [1, k]-set in G. A [1, k]-set with cardinality γ[1,k](G) is called a γ[1,k](G)-set.
Among other results, they showed that if G is a claw-free, then γ(G) =
γ[1,2](G), and that the same result holds if G is P4-free.
Definition 1.1. For a fixed γ-set D of G, the allegiance of D with respect
to G, aG(D) = maxv∈V (G){|D ∩N [v]}.
Definition 1.2. The power of a graph G, π(G) = minD{aG(D)} taken
over all γ-sets D of G.
Notice that the power of a graph G is the minimum k so that γ[1,k](G) =
γ(G).
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1.2. A Useful Inequality. Although the following inequality is elemen-
tary, we provide the proof for completeness.
Proposition 1.3. If
f(t1, . . . , tn) =
n∑
i=1
i× ti
subject to
n∑
i=1
ti = 1 and t1 ≥
n∑
i=2
(i− 1)ti,
for real valued ti, 1 ≤ i ≤ n, then
f(t1, . . . , tn) ≤
2n− 1
n
and equality is attained when ti = 0 for 1 < i < n.
Proof. We induct on n. If n = 2, notice that t1 = 1 − t2, which means
that f(t1, t2) = 1 + t2. Since t2 ≤ 1 − t2 we see that t2 ≤
1
2
which promptly
implies f(t1, t2) ≤
3
2
.
Suppose the statement true for n ≤ k − 1. We show it true for n = k. Let
t1 + · · ·+ tk−1 = s. Then by the induction hypothesis,
1
s
∑k−1
i=1 (i× ti) ≤
2k−3
k−1
and equality is achieved when t2 = · · · = tk−2 = 0. Hence,
∑k−1
i=1 (i × ti) is
maximized when t2 = · · · = tk−2 = 0.
We consider the resulting expression, g(t1, tk−1, tk) = t1+ (k− 1)tk−1+ ktk
subject to t1 + tk−1 + tk = 1 and t1 ≥ (k − 2)tk−1 + (k − 1)tk.
Notice that t1 = 1− tk−1+ tk which we can substitute into the constraining
inequality to obtain tk−1 ≤
1−ktk
k−1
. Furthermore, since t1 + tk ≤ 1 and t1 ≥
(k − 1)tk, we see that tk ≤
1
k
.
Note that
g(t1, tk−1, tk) = 1− tk−1 − tk + (k − 1)tk−1 + ktk
= 1 + (k − 2)tk−1 + (k − 1)tk
≤ 1 + (k − 2)
1− ktk
k − 1
+ (k − 1)tk
=
2k − 3
k − 1
+
1
k − 1
tk
≤
2k − 3
k − 1
+
1
k − 1
1
k
=
2k − 1
k
.

2. A New Bound
Theorem 2.1. For any graphs G and H,
γ(GH) ≥
π(G)
2π(G)− 1
γ(G)γ(H).
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Proof. For any graphs G and H , let Γ = {v1, . . . , vk} be a minimum
dominating set of G and D be a minimum dominating set of GH .
Our proof is composed of increasingly refining labelings of the vertices of
D. In all instances, for any S ⊆ [k], if v ∈ PS, then v may only be labeled by
a subset of S. For example, if v ∈ Pi,j, then v may be labeled by i, j, or {i, j}.
We call labelings that follow this property faithful. For any fixed label i, we
project vertices that contain i in their label onto H and produce a dominating
set of H . We show a bound on the label overcount to produce the desired
inequality.
For any h ∈ V (H), suppose the fiber Gh contains ℓh(= ℓ) vertically un-
dominated cells
{
Qhi1 , . . . , Q
h
iℓ
}
for 0 ≤ ℓ ≤ k. We set Ih = {i1, . . . , iℓ}.
We apply the procedure Labeling 1 to the vertices of D. For v ∈ Dh ∩Qhi
for any h ∈ V (H) and 1 ≤ i ≤ k, we label v by {j : v ∈ N [vj ], j ∈ [k]}. If
v ∈ Dh is a shared neighbor of some subset S of {vi : i ∈ I
h}, then it is a
member of P hS for some S ⊆ I
h, and we label v by S. If v ∈ Dh is a member
of P hS where S = R ∪ T for nonempty R ⊆ I
h and T ⊆ ([k] − Ih), then we
label v by R. This completes Labeling 1.
We relabel the vertices of D, doing so in Dh for fixed h ∈ H , stepwise,
until we exhaust every h ∈ V (H). This procedure, which we call Labeling 2,
is described next.
For every h ∈ V (H), we list the labels of vertices of Dh, and write them
in row h. This produces a two-dimesional array of |H| rows of labels, some of
which may be empty. For an arbitrary h ∈ V (H), we perform two alterations
to the labels in row h which we call the internal and external alterations. In
each of these procedures we make the exception which we denote the dominion
rule: if vhi ∈ D
h with label S, then any alteration of S must retain the label i.
We perform the internal alteration,
(1) For every pair of labels S and T in row h, if |S ∩ T | > 1, then remove
one common element from S and another from T , arbitrarily, subject
to the dominion rule. Repeat this step.
(2) If |S| = 1, |T | > 1, and S ∩ T 6= ∅, then remove the label of S from
T , following the dominion rule.
(3) If |S| = |T | = 1, then make no changes to S or T .
(4) Otherwise, if |S| > 1, |T | > 1, |S ∩ T | = 1, then remove the common
element from one of S or T arbitrarily, subject to the dominion rule.
We repeat this internal alteration for every row h ∈ V (H) until every pair
of labels in a row is a pair of singletons or mutually disjoint.
We perform the external alteration to the array obtained from the internal
alteration. Choose any h ∈ V (H) and suppose N(h) = {h1, . . . , hn}. For
every label S in row h, we consider labels T of row hi for i = 1, . . . , n, and
repeat the relabeling from the internal alteration,
(1) Set i = 1.
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(2) For every label S in row h and T in row hi, if |S∩T | > 1, then remove
one common element from S and another from T , arbitrarily, subject
to the dominion rule. Repeat this step.
(3) If |S| = 1, |T | > 1, and S ∩ T 6= ∅, then remove the label of S from
T , following the dominion rule.
(4) If |S| > 1, |T | = 1, and S ∩ T 6= ∅, then remove the label of T from
S, following the dominion rule.
(5) If |S| = |T | = 1, then make no changes to S or T .
(6) Otherwise, if |S| > 1, |T | > 1, and |S ∩ T | = 1, then remove the com-
mon element from one of S or T arbitrarily, subject to the dominion
rule.
(7) Let i = i+ 1 and repeat this relabeling until i = n+ 1.
After all alterations are performed for every row h ∈ V (H), we confer the
labels in the rows to the corresponding vertices of D. This completes Labeling
2.
Define the index set Ih1 = [k]− I
h = {iℓ+1, . . . , ik} for vertically dominated
cells of Gh. We relabel those vertices of Dh∩CIh
1
which are shared neighbors of
{vhi : i ∈ I
h
1 } so that all labels on these vertices are singletons and the labeling
remains faithful. We call this procedure Labeling 3. For any h ∈ V (H), if
v ∈ Dh ∩ CIh
1
is a shared neighbor of some vertices of {vhi : i ∈ I
h
1 }, with label
S, then choose any element of S and label v by that element. Repeat this
procedure for every h ∈ V (H). This completes Labeling 3.
For h ∈ V (H), let Sh1 be the vertices of D
h which have labels with more
than one element. That is, vertices v labeled by some X so that |X| > 1.
Say |Sh1 | = s and S
h
1 = {x1, . . . , xs}. Let mi be the cardinality of the label on
xi ∈ S
h
1 . For each vertex in S
h
1 , we place each element from the label on that
vertex in the set Jh1 . For example, if S
h
1 contains vertices with labels {i1, i2}
and {i3, i4}, then J
h
1 = {i1, i2, i3, i4}.
Claim 2.2. CJh
1
is dominated by vertices of Dh.
Proof. Suppose v ∈ CJh
1
is dominated by u ∈ Dh
′
for some h′ ∈ NH(h).
Let S be the label on u. Since Labeling 2 has been performed, for any vertex
w ∈ Sh1 with labels T , S∩T = ∅ unless |S| = |T | = 1. If |T | = 1, then w /∈ S
h
1 ,
contradicting our assumption. Otherwise, elements of S are not in Jh1 leading
to v /∈ CJh
1
which is a contradiction. 
Set Dh1 = D
h − (Dh ∩ CJh
1
). By Claim 2.2 we can let Eh
Jh
1
be a minimum
subset of vertices of Dh1 so that (D ∩CJh
1
) ∪Eh
Jh
1
dominates CJh
1
. That is, Eh
Jh
1
is a set of vertices with neighbors in CJh
1
, which along with vertices in D∩CJh
1
,
dominate CJh
1
.
Claim 2.3. For every h ∈ H, |Eh
Jh
1
| ≥
∑s
i=1(mi − 1).
Proof. Set j = |Eh
Jh
1
| and notice that Eh
Jh
1
∪ Sh1 dominates CJh
1
. If we let
I ′ = [k] − Jh1 , then E
h
Jh
1
∪ Sh1 ∪ (
⋃
i∈I′ v
h
i ) dominates G
h. We note here that
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some elements of Eh
Jh
1
may also be elements of
⋃
i∈I′ v
h
i . However, such a set
contains at most j+ s+k−
∑s
i=1mi vertices, which must be at least k. Thus,∑s
i=1mi ≤ j + s and we obtain the desired inequality. 
Notice that for a fixed i, 1 ≤ i ≤ k, projecting all vertices with labels
containing i to H produces a dominating set of H . Call the set of such vertices
of D labeled i, Di. Summing over all i we count vertices which have one label
once and vertices with labels of cardinality mi, mi times, for every h ∈ V (H).
For any i ∈ [k], let Fi be the set of those vertices of D with labels of
cardinality i. We see that
γ(G)γ(H) ≤
k∑
i=1
|Di| =
k∑
i=1
i× |Fi| =
π(G)∑
i=1
i× |Fi|(2.1)
Define ti =
|Fi|
|D|
, for 1 ≤ i ≤ π(G). Note that
∑π(G)
i=1 ti = 1. We apply
Proposition 1.3 to find that (2.1) ≤ 2π(G)−1
π(G)
|D|, and thus,
|D| ≥
π(G)
2π(G)− 1
γ(G)γ(H).

2.1. Some Consequences. By definition, π(G) ≤ γ(G) and π(G) ≤
∆(G), which immediately implies the following.
Corollary 2.4. For any graphs G and H,
γGH ≥
γ(G)
2γ(G)− 1
γ(G)γ(H)
We note that this bound is an improvement to formula (1.2) when either
γ(G) < γ(H)+1
2
or γ(H) < γ(G)+1
2
.
Corollary 2.5. For any graphs G and H,
γGH ≥
∆(G)
2∆(G)− 1
γ(G)γ(H)
Furthermore, since γ(G) = γ[1,2](G) holds when G is claw-free or a cograph
[4], we have the next result.
Corollary 2.6. If G is claw-free or P4-free, andH is any graph, γ(GH) ≥
2
3
γ(G)γ(H).
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